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1 - Abstract
Despite the prevalence of modern audio technology, vacuum tube amplifiers continue
to play a vital role in the music industry. For this reason, over the years, many differ-
ent digital techniques have been introduced for accomplishing their emulation. In this
paper, we propose a novel quadric surface model for tube simulations able to overcome
the Cardarilli model in terms of efficiency whilst retaining comparable accuracy when
grid current is negligible. After showing the model capability to well outline tubes start-
ing from measurement data, we perform an efficiency comparison by implementing the
considered tube models as nonlinear 3-port elements in the Wave Digital domain. We do
this by taking into account the typical common-cathode gain stage employed in vacuum
tube guitar amplifiers. The proposed model turns out to be characterized by a speedup
of 4.6× with respect to the Cardarilli model, proving thus to be promising for real-time
Virtual Analog applications.

2 - Background on Triode Modeling

k

ik

p

ip

g

ig
Vpk

Vgk

(a)

k

ik

p

ip

g

ig

O

(b)Koren Model
In [1], Koren presents a phenomenological model able to describe the behavior of triodes
making use of a small amount of parameters. The model equations are designed such
that the plate current ip > 0 whenever the plate-to-cathode voltage Vpk > 0:
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Cardarilli Model
The triode model developed by Cardarilli et al. [2] relies on a unique approach that com-
bines physical and interpolative techniques. This model replaces the constant parame-
ters typically used in classical formulations for plate current ip and grid current ig with
splines that depend on the grid-to-cathode voltage Vgk:
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3 - Proposed Quadric Surface Model

We propose a new memoryless triode model based on a quadric surface approximation.
The model is characterized by a lower number of parameters and by simpler mathemati-
cal operations with respect to those involved in the two traditional models. On the other
hand, for the sake of computational efficiency, it assumes null grid current, thus sacri-
ficing accuracy when the grid voltage approaches and exceeds the cathode voltage. In
particular, we start by considering the general quadric surface equation:
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In order to exploit such an equation for modeling the plate current ip, we set k1 = −1
and k2 = kpk = kgk = 0 for avoiding dependences on ip cross-products or second-order
powers, yielding
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Considering the initial hypothesis on the grid current, after some algebra, we may write
down the proposed quadric surface model as follows:
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In any case, Vpk ≥ 0 is also always assumed to hold true, as otherwise a region with
negative static resistance would be introduced. In order to test the accuracy of the repre-
sentation, we compare the ip−Vpk characteristics found on datasheets to that obtained by
means of the proposed model. The proposed model maintain, in general, a comparable
accuracy with respect to Cardarilli’s.
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3-port Wave Digital Implementation
The proposed model can be implemented following several different approaches. We
implemented it as a 3-port element in the Wave Digital (WD) domain [4, 3, 5]. We name
the ports between the p, g, and k nodes and node O as port 1, 2, and 3, respectively:
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4 - Example of Application
Simulation of the Typical Gain Stage Found in Tube Amplifiers [3]
The following circuit is implemented with Wave Digital Filters. We realized the proposed
model as a 3-port element.

We tested the proposed model by considering a sinusoidal input at 1 kHz with amplitude
2.5 V sampled at 44.1 kHz.Proceedings of the 26
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Table 4: Values of the circuital components of Fig. 3.

Parameter Value Parameter Value

Vdd 250 V Rp 100 kW
Ri 1 MW Ro 1 MW
Rg 20 kW Rk 1 kW
Ck 10 µF Ci 100 nF
Co 10 nF � �

of vacuum tubes, e.g., in [18]. With reference to the triode stage,
the input signal is represented by the voltage generator Vin. Capac-
itor Ci and resistor Ri form a highpass filter which removes the DC
(Direct-Current) component from the input if present. The cathode
circuit, instead, is composed of a parallel connection between re-
sistor Rk and capacitor Ck, and sets the signal-dependent biasing
for the triode. The plate is connected to the DC voltage source Vdd
via resistor Rp, which is responsible for the node “p” bias point.
Then, the plate is also connected to the series between the DC de-
coupling capacitor Co and load resistance Ro, whose voltage is
taken as output variable. The values of the circuital parameters are
reported in Table 4. The nonlinear amplification introduced by the
triode together with the dynamic nature of the stage can generate
a rather complex signal-dependent distortion on the output Vout.

We implement the common-cathode stage in the WD domain
following the same approach and using the same WD structure
employed in [18], i.e., by considering the 3-port WD block mod-
eling the triode at the root of a connection tree. In order to test
the accuracy of the WD implementation, we realize the same cir-
cuit in LTspice, which is a widespread freeware software for cir-
cuit simulations, together with the proposed triode model. We set
Vin = A sin (2⇡kf0/fs), where A = 2.5 V is the amplitude, k is
the sampling index, f0 = 1 kHz is the fundamental frequency, and
fs = 44.1 kHz is the sampling frequency; in addition, we consider
the duration of the sinusoidal input equal to 1 s. We select once
again the 12AX7 as our reference triode, whose mdoel parameters
are reported in Table 3. Fig 4 shows the output of the simulation,
in particular the first three periods. The green dashed curve repre-
senting the LTspice simulation is overlapped with the continuous
blue curve representing the WD simulation, pointing out the ac-
curacy of the representation. Moreover, Fig. 4 also reports the re-
sults of the WD simulation obtained substituting the proposed tri-
ode model with the WD 3-port implementation of Cardarilli model
(with no grid current) proposed in [18]. We select Cardarilli model
over Koren model for drawing a comparison with state-of-the-art
implementations of triodes since it is characterized by a higher ac-
curacy, as shown in Fig. 2. Looking at Fig. 4, we can state that the
two different realizations of the common-cathode stage are consis-
tent, and that just a slightly different behavior can be spotted for
the negative half-wave, which reflects the lack in restricting Vpk to
non-negative values in the Cardarilli model.

As a final test, we perform an efficiency comparison simu-
lating the same common-cathode stage in the WD domain em-
ploying both the proposed model and Cardarilli model. The two
WD implementations, realized as GNU Octave scripts and avail-
able at https://dangelo.audio/dafx2023-quadric.
html, differ only for the considered 3-port WD triode model. Un-
der same operating conditions, we launch 20 runs of both algo-
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Figure 4: Voltage Vout at the output of the triode stage shown in

Fig 3. The continuous black curve represents the result of the WD

simulation employing the proposed model, the dotted blue curve

represents the result of the WD simulation employing Cardarilli

model, while the dashed green curve represents the LTspice simu-

lation employing the proposed model.

rithms on an AMD Ryzen 3 3200G processor, considering as in-
put a mono guitar audio signal of duration 16 s and sampled at
fs = 96 kHz. We then measure the simulation time tsim, and we
average it over the number of runs for obtaining a fairer estimate.
While the WD implementation with Cardarilli model takes on av-
erage 355.02 s, the WD implementation with the proposed model
takes on average 76.55 s, showing thus a speedup of about 4.6⇥
over the traditional approach. It follows that the proposed quadric
surface model is able to run much faster without compromising
the accuracy of the representation, and, for this reason, can be a
valuable triode model to be employed for real-time Virtual Analog
applications.

5. CONCLUSIONS

In this paper, we proposed a novel triode model based on a quadric
surface approximation. The model is characterized by only three
parameters, involves simpler mathematical operations with respect
to traditional models, such as Koren [21] and Cardarilli [22], and
can lead to fully-explicit white box models. Considering the fa-
mous 12AX7 as a reference triode, we compared the plate current
characteristics obtained with both the Cardarilli and Koren mod-
els and the proposed model to the one reported on its datasheet,
showing that, when grid current is negligible, the new approach is
more accurate than Koren’s and almost as accurate as Cardarilli’s
even though the latter presents a number of parameters five times
higher. Although the model can be realized in many circuit simu-
lation methods, we decided to implement it as a 3-port WD block,
which we later employed for the emulation of the typical common-
cathode gain stage found in tube amplifiers. Under the same oper-
ating and modeling conditions, we drew an efficiency comparison
between the quadric surface model and Cardarilli model, measur-
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By considering as input a mono guitar audio signal of duration 16 s, we obtained a
speedup of about 4.6× over Cardarilli’s approach.
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